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1 $)$ 2) Hensel
1
Hensel $F(x, u)^{d}=^{ef}F(x, u_{1}, \ldots , u_{\ell})\in$
$C[x, u_{1}, \ldots , u_{\ell}]$ $F(x, u)$ $x$ $\phi(u)$ :
$F(\phi(u), u)=0_{\text{ }}n^{d}=^{ef}\deg_{x}(F)$ 5
$\phi(u)$ $u_{1},$ $\ldots$ , $u_{\ell}$ $\ell\geq 2$
Hensel
$s^{d}=^{ef}(s_{1}, \ldots, s_{f})\in C^{\ell}$ $F(x, u)$ (
) $F(x, s)$ $F(x, u)$
$u_{1}-s_{1},$ $\ldots,$ $u_{\ell}-s_{l}$ (Taylor ) $F(x, s)$ $s$ $F(x, u)$
Hensel $(\alpha, s)$ $slh$ Hensel
$s$ $F(x, s)= \overline{F}(x, s)\cdot\prod_{i=1}^{r}(x-\alpha_{i})^{m_{t}}$ $\overline{F}(x, s)$
$m_{i}\geq 2$ $\overline{F}(x, s)$ Taylor
$(x-\alpha_{i})^{m_{i}}$ $F(x, u)$ $(x-\alpha_{i})^{m_{i}}$
$F(x, u)$ $m_{i}=n$ $s=0$ $\alpha_{i}=0$
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1. Hensel Newton (2 )












( Hensel Hensel ) $[SI08b]$
2.1
1 $F(x, u)$
$\{\begin{array}{l}F(x, u)=x^{n}+f_{n-1}(u)x^{n-1}+\cdots+f_{0}(u),F(x, 0)=x^{n} ( 0 is a singular point).\end{array}$ (2.1)
EHC
1( ) $w^{d}=^{ef}(w_{1}, \ldots , w_{\ell})\in N^{l}$ $u_{1},$ $\ldots,$ $u\ell$ ; $w=(1, \ldots, 1)$
$F(x, u)$ $.0$ $cx^{e_{x}}u_{1}^{e_{1}}\cdots u_{l}^{e_{t}}\ovalbox{\tt\small REJECT}_{-}^{}$ 2 ($e_{x}$ , et)
$et=w_{1}e_{1}+\cdots+w_{f}e_{l}$ $\mathcal{L}$ $(n, 0)$ $\mathcal{L}$
$\mathcal{L}$
$F_{New}(x, u)$
$\mathcal{L}$ $-\lambda$ : $\lambda$ $e_{t}$ (wtdeg )
$u_{i}=v_{i}^{w_{i}}$ $(i=1, \ldots , \ell)$ $v_{1},$ $\ldots,$ $v\ell$ : $wt\deg_{u}(f(u))=t\deg_{v}(f(v_{1}^{w}’, . . ., v_{\ell}^{w_{\ell}}))$ .
$F_{New}(y^{\lambda}, v_{1}^{w_{1}}, \ldots, v_{\ell}^{w_{f}})$ $y,$ $v_{1},$ $\ldots,$ $v\ell$
$F_{N}$ $w(x, u)$ $(\lambda, w)$-
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$F_{New}(x, u)$ $\alpha_{1}(u),$ $\ldots$ , $\alpha_{n}(u)$ ; $\alpha_{1},$ $\ldots,$ $\alpha_{n}$
$F_{New}(x, u)=(x-\alpha_{1}(u))\cdots(x-\zeta y_{n}(u))$ , $wt\deg_{u}(\alpha_{i}(u))=\lambda$ . (2.2)
$\alpha_{i}(u)$ $F_{hew}(x, u)$ $(\lambda, w)$- $\alpha_{i}(u)$ $w$- 4
$F_{New}(x, u)$ $C[x, u]$
$\{\begin{array}{l}F_{New}(x, u)=G_{1}(x, u)\cdots G_{r}(x, u),each G_{i}(x, u) is irreducible in C[x, u].\end{array}$ (2.3)
2.2 Hensel
$t$ $\overline{F}(x, u, t)$
$\{\begin{array}{l}F(x, u) def= F_{New}(x, u)+F_{h}(x, u),\tilde{F}(x, u, t) def= F_{New}(x, u)+tF_{h}(x, u).\end{array}$ (2.4)




$\tilde{F}(x, u, t)\equiv G_{1}^{(k)}(x, u)\cdots G_{r}^{(k)}(x, u)$ $(mod t^{k+1})$ , $k=1,2,$ $\cdots$ .
Hensel $\overline{F}(x, u, t)$
$\{\begin{array}{l}\overline{F}(x, u, t)\equiv(x-\varphi_{1}^{(k)}(u, t))\cdot\overline{G}^{(k)}(x,u, t) (mod t^{k+1}),\varphi_{1}^{(0)}(u, 1)=\alpha_{1}, \tilde{G}^{(0)}(x, u, 1)=F_{New}(x, u)/(1-\alpha_{1}).\end{array}$ (2.5)
, $\varphi_{1}^{(\infty)}(u, 1)$ $\alpha_{1}$ Hensel
(2.5) Hensel $G_{1}^{(k)}(x, u, t)=x-\varphi_{1}^{(k)}(u, t)$
$k-1$ Hensel $G_{1}^{(k-1)}$ $\overline{G}^{(k-1)}$ :
$\tilde{F}(x, u,t)\equiv G_{1}^{(k-1)}(x, u,t)\cdot\overline{G}^{(k-1)}(x, u, t)$ $(mod t^{k})$ . (2.6)
$k$ $\delta F^{(k)}(x, u)$ :
$t^{k}\delta F^{(k)}(x, u)\equiv\tilde{F}(x, u, t)-G_{1}^{(k-1)}(x, u, t)\cdot\tilde{G}^{(k-1)}(x, u, t)$ $(mod t^{k+1})$ ,
(2.7)
$\delta F^{(k)}(x, u)def=\delta f_{n-1}^{(k)}(u)x^{n-1}+\delta f_{n-2}^{(k)}(u)x^{n-2}+\cdots+\delta f_{0}^{(k)}(u)$.
$k$ Hensel $G_{1}^{(k)}$ $\overline{G}^{(k)}$
$\{\begin{array}{l}G_{1}^{(k)}(x, u,t) = G_{1}^{(k-1)}(x, u,t)+t^{k}\sum_{l=0}^{n-1}B_{l}(x, u)\delta f_{l}^{(k)}(u),\overline{G}^{(k)}(x, u, t) = \overline{G}^{(k-1)}(x, u, t)+t^{k}\sum_{l=0}^{n-1}A_{1}(x, u)\delta f_{l}^{(k)}(u).\end{array}$ (2.8)
$A_{\iota}(x, u)$ $B_{l}(x, u),$ $0\leq l\leq n-1$ ,
$(x-\alpha_{1})A_{l}(x, u)+[F_{New}(x, u)/(x-\alpha_{1})]B_{l}(x, u)=x^{l}$,
$A_{l}(x, u),$ $B_{l}(x, u)\in C(u)[x, \alpha_{1}]$ , (2.9)
$\deg_{x}(A_{l})<n-1$ , $\deg_{x}(B_{1})<1$ .
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2.3 Hensel
Hensel $\alpha_{1},$ $\ldots,$ $\alpha_{n}$ $A_{l}(x, u)$ $B_{l}(x, u)$ $\alpha_{1},$ $\ldots,$ $\alpha_{n}$
(2.9) $x$ $\alpha_{1}$ $\alpha j(j\geq 2)$ $B_{l}( \alpha_{1}, u)=\alpha_{1}^{l}/\prod_{j}^{n}=2(\alpha_{1}-\alpha_{j})$ $A_{l}(\alpha_{j}, u)=$
$\alpha_{j}^{l}/(\alpha_{j}-\alpha_{1})$ $A_{l}(x, u)$ $B_{l}(x, u)$
$A_{l}(x, u)= \sum_{j=2}^{n}\alpha_{j}^{l}\frac{F_{New}(x,u)/(x-\alpha_{1})(x-\alpha_{j})}{F_{New}(\alpha_{j},u)}$ , $B_{l}(x, u)= \frac{\alpha_{1}^{l}}{F_{New}(\alpha_{1},u)}$ . (210)
$\delta F^{(1)}(x, u)=F_{h}(x, u)$ (2.8) $A_{l}(x, u)$ $B_{l}(x, u)Yarrow$ $\sum_{l=0}^{n-1}\alpha_{i}^{l}\delta f_{l}^{(1)}=\delta F^{(1)}(\alpha_{i}, u)$
$\{\begin{array}{l}G_{1}^{(1)}(x, u, t)=x-\alpha_{1}+t\frac{F_{h}(\alpha_{1},u)}{F_{New}(\alpha_{1},u)},\overline{G}^{(1)}(x, u, t)=\frac{F_{New}(x,u)}{x-\alpha_{1}}+t\sum_{j=2}^{n}\frac{F_{New}(x,u)}{(x-\alpha_{1})(x-\alpha_{j})}\frac{F_{h}(\alpha_{j},u)}{F_{New}’(\alpha_{j},u)}.\end{array}$ (211)
$F(x, u)$ $t$ $0$ 1 $\delta F^{(k)}(k\geq 2)$
( )
1 $F(x, u)$ $x$ $F_{New}(x, u)$ (2.5) Hensel
$G_{1}^{(\infty)}(x, u, t)$ $\overline{G}^{(\infty)}(x, u, t)$
$G_{1}^{(\infty)}(x,$
$u,$ $t)$ $=$ $x- \alpha_{1}+\sum_{k=1}^{\infty}t^{k}\frac{\delta F^{(k)}(\alpha_{1},u)}{F_{New}(\alpha_{1},u)}$ , $($ 212)
$\overline{G}^{(\infty)}(x, u, t)$ $=$ $\frac{F_{New}(x,u)}{x-\alpha_{1}}+\sum_{j=2}^{n}\frac{F_{New}(x,u)}{(x-\alpha_{1})(x-\alpha_{j})}(\sum_{k=1}^{\infty}t^{k}\frac{\delta F^{(k)}(\alpha_{j},u)}{F_{New}(\alpha_{j},u)})$ . $($213$)$
$\delta F^{(1)}=F_{h}(x, u)$ $k$ $\delta F^{(k)}(k\geq 2)$
$\delta F^{(k)}(x, u)=-\sum_{j=2}^{n}\frac{F_{New}(x,u)}{(x-\alpha_{1})(x-\alpha_{j})}(\sum_{k=1}^{k-1}\frac{\delta F^{(k’)}(\alpha_{1},u)}{F_{New}’(\alpha_{1},u)}\frac{\delta F^{(k-k’)}(\alpha_{j},u)}{F_{New}(\alpha_{j},u)})$. (214)
3 Hensel
1 5 $\Vert u\Vert$ $u_{1},$ $\ldots$ , $u_{\ell}$
$u$ 2 ( ) : $\Vert u\Vert def=(|u_{1}|^{2}+\cdots+|u_{\ell}|^{2})^{1/2}$
$u$ : $u_{i}=v_{i}^{w_{i}}(i=1, \ldots,\ell)$
$v$ 2 $v$
1 $\Vert v\Vert$
$\Vert\alpha_{1}\Vert,$ $\Vert\alpha_{1}-\alpha_{j}\Vert$ $=$ $O(\Vert v\Vert^{\lambda})$ $(j\geq 2)$ , (3.1)
$\Vert F_{N}’$ $w(\alpha_{t},u)\Vert$ $=$ $O(\Vert v\Vert^{(n-1)\lambda})$ $(i=1,2, \ldots,n)$ , (3.2)
$\Vert F_{h}(\alpha_{i}, u)\Vert$ $=$ $o(\Vert v\Vert^{n\lambda})$ $(i=1,2, \ldots, n)$ . (3.3)
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$\alpha_{i}(u)1$ $v_{1},$ $\ldots,$ $v\ell$
$t\deg_{v}(\alpha_{i})=\lambda$ (31) $F_{New}(x, u)$ $(\lambda, w)-$
(3.2) $F_{h}(x, u)$ $F_{New}(x, u)$ $v$ 1
(3.3)
2 Hensel $\varphi_{1}^{(\infty)}(u, 1)$ $\alpha_{1}-\alpha j$
$(2\leq j\leq n)$
(2.14) (212) $G_{1}^{(k)}(x, u, t)$ Hensel $\alpha_{1}(u)-\alpha_{j}(u)$
$F_{New}( \alpha_{1}, u)=\prod_{j=2}^{n}(\alpha_{1}(u)-\alpha j(u))$
2Hensel $\varphi_{1}^{(\infty)}(u, t)$ $t^{k}$- $\delta\varphi_{1}^{(k)}(u)$ Hensel
$\delta\varphi_{1}^{(k)}(u)$
$\Vert\delta\varphi_{1}^{(k)}$ $(u)\Vert=o(\Vert v\Vert^{\lambda+k-1})$ for small $\Vert v\Vert$ . (3.4)
1 (212) $\delta F^{(1)}=F_{h}(x, u)$
$\delta\varphi_{1}^{(1)}(u)=-\frac{F_{h}(\alpha_{1},u)}{F_{New}’(\alpha_{1},u)}$ $\Rightarrow$ $\Vert\delta\varphi_{1}^{(1)}(u)\Vert=\frac{o(\Vert v||^{n\lambda})}{O(\Vert v\Vert^{(n-1)\lambda})}=o(\Vert v\Vert^{\lambda})$ .
$k-1$
$\frac{||\delta F^{(j)}(\alpha_{i},u)||}{||F_{New}(\alpha_{i},u)||}=o(\Vert v\Vert^{\lambda+j-1})$ for small $\Vert v\Vert$ , $j=1,$ $\ldots,$ $k-1$ .
$k\geq 2$ (k) $(\alpha_{1}, u)$
$\Vert\delta F^{(k)}(\alpha_{1}, u)\Vert$ $=$ $o( \sum_{j=2}^{n}\frac{\Vert F_{New}’(\alpha_{1},u)\Vert}{||\alpha_{1}-\alpha_{j}\Vert}$ . $( \sum_{k=1}^{k}\frac{||\delta F^{(k’)}(\alpha_{1},u)||}{||F_{New}’(\alpha_{1},u)||}\frac{\Vert\delta F^{(k-k’)}(\alpha_{j},u)\Vert}{||F_{New}(\alpha_{j},u)\Vert}))$
$=$ $\frac{O(\Vert v||^{(n-1)\lambda})}{O(||v\Vert^{\lambda})}\cdot\sum_{k=1}^{k}o(\Vert v\Vert^{\lambda+k’-1})o(\Vert v\Vert^{\lambda+(k-k’)-1})=o(\Vert v\Vert^{n\lambda+k-1})$ .
$\Vert\delta\varphi_{1}^{(k)}(u)\Vert=\Vert\delta F^{(k)}(\alpha_{1}, u)\Vert/\Vert F_{New}’(\alpha_{1}, u)\Vert=o(\Vert v\Vert^{\lambda+k-1})$
3 $(\alpha_{1}$ $\alpha_{j}\neq\alpha_{1}$
) ( $\alpha_{1}$ $\alpha j\neq\alpha_{1}$ )
2 $\alpha_{1}-\alpha j(2\leq i\leq n)$
2 Hensel
$\alpha_{1}$ $\alpha j$ $\alpha_{1}$ $\alpha j$
4 $v$ $r$ $S$ : $\Vert v\Vert^{2}=r^{2}$
[S ]
[ $S_{r}$ ]
$arrow$ 0 as $rarrow 0$ (35)
$\alpha_{1}(u)$ $\delta\varphi_{1}^{(k)}(u)(k\geq 1)$
2 $\Vert v\Vert$ $\alpha_{1}-\alpha j$ $F_{New}(\alpha_{1}, u)$ $\Vert\delta\varphi_{1}^{(k)}(u)\Vert/\Vert\alpha_{1}(u)\Vert=$
$o(\Vert v\Vert^{k-1})$ (3.5) $rarrow 0$ $0$
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1 Hensel $\varphi_{1}^{(\infty)}(u, 1)$
1
$F_{2}(x, u, v)=(x+u)(x-v)(x-u+v)-u^{2}v^{2}x$ . (3.6)
$F_{2New}=(x+u)(x-v)(x-u+v)$ $\alpha_{1}=-u,$ $\alpha_{2}=v,$ $\alpha s=u-v$ Hensel $\varphi_{1}^{(\infty)}(u, v)$ $|$
$v=-u$ $v=2u$ $F_{2}(x, u, v)$ Hensel
$\varphi_{1}^{(\infty)}(u, v)$ $=$ $-u$ $-u^{3}v^{2}/((2u-v)(u+v))+u^{5}v^{4}(u^{2}-uv+v^{2})/((2u-v)(u+v))^{3}+\cdots$ ,
$\varphi_{2}^{(\infty)}(u, v)$ $=$ $v$ $-u^{2}v^{3}/((u-2v)(u+v))+u^{4}v^{5}(u^{2}-uv+v^{2})/((u-2v)(u+v))^{3}-\cdots$ ,






$u=0.1$ $u=-O.2$ $\varphi_{1}^{(7)}(u, 0.2)$
$-0.5\leq u\leq 0.5$ $v=0.0arrow 0.1arrow 0.2$
Fig. la
Fig. lb Fig. lc
lb $\varphi_{1}^{(7)}(u$ , 0.0 $+$ 0.01 $i)$ , $\varphi_{1}^{(7)}(u$ , 0.1 $+$ 0.01 $i)$ , $\varphi_{1}^{(7)}(u,$ $0.2+0$ .Oli$)$
$\varphi_{1}^{(7)}$ $(u$ , 0.2 $+$ 0.01$i)t$ lc $\varphi_{1}^{(7)}(u, 0.0+0.02i),$ $\varphi_{1}^{(7)}(u, 0.1+0.02i)$ ,
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(2.12) $G_{1}^{(k)}(x, u, t)$ Hensel $\varphi_{1}^{(\infty)}(u, 1)$ $\alpha_{1}(u)$
Hensel
2 $\alpha_{1}(u)\in C[u]$ Hensel $\varphi_{1}^{(\infty)}(u, 1)$
$\varphi_{1}^{(\infty)}(u, 1)$
$\alpha_{1}$ $\alpha_{1}$ (2.3) $G_{1}(x, u)$ $\deg_{x}(G_{1})=$
$m\geq 2$ $G_{1}(x, u)$ $\alpha_{1,1}(=\alpha_{1}),$ $\alpha_{1.2},$ $\ldots,$ $\alpha_{1,m}$ $\alpha_{1,i}(1\leq i\leq m)$
$\varphi_{1,i}^{(\infty)}$
[SK99] (212) $G_{1}^{(k)}(x, u, t)$




$P\geq 2$ ($\ell=$ 2) $(\ell=3)$
$(\ell-1)$
Po $P_{1}$ $C^{\ell}$ 2 Hensel $\varphi_{1}^{(\infty)}(u, 1)$
Co $C_{1}$ $C^{\ell}$ Co Po Po $C_{1}$ Po
$P_{1}$
5 Hensel $\varphi_{1}^{(k)}(u, 1)(k\geq 1)$ Co Po
3




$P_{0}$ $P_{1}$ $\varphi_{1}^{(k)}(u, 1)$
2 Hensel $\varphi_{1}^{(\infty)}(u, 1)$ $\phi_{1}(u)$ $C_{1}$
$\varphi_{1}^{(k)}(u, 1)$ Cl $\phi_{j}(u)$
$(j\neq 1)$ ( )
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$m<n$ Hensel $m$ $n$ Hensel
2
2 Hensel 1
Hensel ( 1 ) Cl: $(u, v)=$
0.5 $\cross(\cos\theta, \sin\theta)$ $(0\leq\theta\leq 2\pi)$ Hensel $\varphi_{1}^{(8)}(u, v)$ $\phi_{i}(u, v)$
$(i=1,2,3)$ $C_{1}$ $\theta=\pi/3,3\pi/4,4\pi/3,7\pi/4$
Fig. $2a$ Fig. $2b$
$2a$ $C_{1}$ $\phi_{i}(u, v)(i=1,2,3)$ ( $0$ )
: $\phi_{3}(u, v),$ $\phi_{2}(u, v),$ $\phi_{1}(u, v)$ $2b$ Cl
$\varphi_{1}^{(8)}(u,v)$ $\phi_{i}(u, v)(i=1,2,3)$ Hensel
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